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Backward construction of two-type G-W tree given its spine

Good news
✤  We generalize this construction to any number k > 2 of types.

✤ In the linear fractional case, additional results are obtained, 
such as a formula for the distribution of the Ai. More precisely, 
assume that offsprings are born according to a linear fractional 
distribution where the type of the first individual depends on the 
parent's type (given by a sub-stochastic matrix H) and the 
remaining offspring types are independent of the parent with a 
probability distribution g. The pgf of the branching process in this 
case is given by 

Motivation
Motivation and Goal

Generalizing some known constructions and lemmas concerning 
Galton-Watson trees (branching trees) to the multi-type case.

References 

Notation

ai(n) := Horizontal index of the ancestor of individual (0,i) in generation −n.
a10(4) = 6

Ai := The coalescence time (most recent common ancestor) of individuals (0,i) and (0,i+1)
A1 = 1, A2 = 1, . . . , A5 = 6, ...

Di(n) := number of children of individual (−n,ai(n)) with descendants in {(0,j) : j ≥ i}, not 
counting the lineage of (0,i).

D6 (1) = 1, D6 (2) = 0, D6 (3) = 2, ...

Notation

ai(n), Ai, Di(n) are defined as for the one-type case.
Ai := Vector of types of individuals (0,ai+1(0)), ... ,(−(Ai−1),ai+1(Ai−1)).

A5 = (0,1,1,1,0,0), 
Di(n) := Vector of types of children of individual (−n, ai(n)) having descendants of the form 
(0, j) for j ≥ i.

D5(6) = (0,0), 
 length(D5(6))−1 = 1 = D5(6)

Discrete Multi-type Galton-Watson Process 

It is a Markov process Zn=(Zn(0),Zn(1),...,Zn(k-1)), where Zn(i), 
represents the number of individuals of type i at generation n in a 
G-W tree. 

Z6=(1,4)

Z5=(0,3)

Z4=(2,2)

Z3=(2,2)

Z2=(2,2)

Z1=(1,1)

Z0=(0,1)

✤ Find stationary distributions for the spine types in particular 
cases, in order to eliminate this initial requirement from the 
backward construction
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Children of the individuals from the 
spine and their types are generated 
according to an extension of Geiger’s 
lemma [2].

Only some children are chosen to 
survive in the spine decomposition,
according to random variables with 
known distributions. This way D1(n) 
is obtained for all n.
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The values of Di(n) for i > 1 are successively obtained from the Coalescence 
Theorem, Two-Type stated above, illustrating the Markov property.
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Galton-Watson Trees 

Phasmids Phasmids

Bembidions Bembidions

Galton-Watson trees 
are generated upwards 
according to the 
distribution of a 
random process.

Several algorithms exist 
to generate Galton-
Watson trees 
backwards preserving 
their distribution; see 
[2], [4]. We aim to 
generalize the 
construction in [4] to 
the multi-type case.

Future Work
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The Ai‘s turn out to be iid for this setting, with:
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where hi0(j−1) represents the probability of a parent of type i having 
no children at generation j−1, obtained from j−1 iterations of f(s). 
The vector l1 is the one holding the types of the spine.

Additionally, we computed the distribution of Bi, which is defined 
as the time of the most recent common ancestor of individual (0,i) 
and the leftmost individual to its right of the same type;

P (Bi > n | li) =
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Coalescence Theorem, One-Type (Lambert and Popovic [4])

✤ Ai = min{n ≥ 1 | Di(n)≠0}
✤ The sequence (Di(·))i≥0 is a Markov chain with transition probabilities:

                                               

where                             , and     is a binomial r.v with parameters
             with    distributed as the number of offsprings of an individual in
the G-W process and pn−1 being the probability of survival of this process at 
generation n.

⇣n
(⇠, pn�1) ⇠

(Di+1(n) |Di(·) = d·)
d
=

8
<

:

dn for n > Ai,
dAi � 1 for n = Ai,
⇣ 0n for 1  n < Ai,

Coalescence Theorem, Two-Type (Rivas and Popovic, 2013)

Assuming fixed values for D1(n) for n ≥ 0, the sequence (Di(·))i≥0 is a Markov 
chain, with transition probabilities:

                                               

where        is a conditional r.v with certain known distribution. And Di(n)[j] is the 

j-th coordinate of the vector Di(n).  
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Di(n) for n > Ai,

(Di(n)[2],Di(n)[3], . . .) for n = Ai,

⌘n
tn for all n = Ai � 1, Ai � 2, . . . , 1, 0

⇣ 0n = (⇣n � 1|⇣n 6= 0)
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