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Abstract

The fruitful relation between the theory of symmetric functions and that of D-finite power
series was first introduced by Goulden and Jackson in 1980, and later extended by Ges-
sel, who stated two important results that provide closure properties of D-finite symmetric
series under the scalar and inner products. These products are very important from the
computational and combinatorial points of view, as a prime tool for coefficient extraction
in symmetric series. Gessel presented some enumerative problems that can be better un-
derstood using his results on D-finiteness. We connect these notions with Scharf, Thibon
and Wybourne’s results on reduced Kronecker products. Also, we extend the necessary con-
ditions on one of Gessel’s theorems and determine some consequences in Young Tableaux

enumeration.
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Chapter 1

Introduction

Symmetric functions are classic mathematical objects which serve as powerful devices for
establishing deep relations between areas of mathematics. These are simply multivariate
power series that are invariant under any permutation of their variables. The Kronecker
product (also referred to as inner product) and the scalar product, which can be defined
by bilinearity from their definition on some of the five widely known bases {py}, {mx},
{h,}, {ex} and {s)} of the space A of symmetric functions, are of special importance in
the theory of representations of symmetric groups, and are also helpful in the resolution of
some combinatorial problems involving coefficient extraction from symmetric series. There
are numerous open problems involving these products and their study is a very active topic

in algebraic combinatorics. Our interest here is mostly related to enumerative applications.

1.1 D-finite symmetric functions

Information on the coefficients of a power series may sometimes be translated into the
solution to an enumerative problem. Gessel [7] applied this idea to symmetric functions,
where coefficient extraction is achieved through the use of the scalar and inner products.
In further sections we present some of the enumerative problems tackled by Gessel. In
some cases it may not be possible to obtain explicit formulas for the coefficients of a given
symmetric function, but we can get some of its analytic properties. For this purpose, Gessel
resorted to the theory of D-finite formal series. A power series in one variable is D-finite if it
satisfies a linear homogenous differential equation with polynomial coefficients. It is possible

to extend this concept to more than one variable and also to an infinite number of variables.
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Gessel considers symmetric functions as objects that exist as a series in Q[[p1,p2, - - -, Pn, - - -],
and defined a symmetric function to be D-finite whenever it is D-finite with respect to the
pi’s, viewing each p; as a formal variable. The importance of D-finiteness in enumeration
comes from the fact that a generating function in one variable is D-finite if and only if its
coefficients are P-recursive, i.e., they satisfy a linear recursion with polynomial coefficients.

Gessel [7] showed sufficient conditions for a scalar product and an inner product of

symmetric functions to be D-finite. We state his results briefly here:

1. If f and g are symmetric functions that are D-finite in the p;’s (and maybe in some

other variable t), then f * g is D-finite in these variables.

2. If f and g are D-finite with respect to the p;’s and another variable ¢, g involves only
a finite number of p;’s, and (f, g) is well-defined as a formal power series in ¢, then

(f,g) is D-finite with respect to t.

One of our main motivations is to find weaker sufficient conditions for the second part.
We show some fairly general families of symmetric functions that do not satisfy these con-

ditions and whose scalar product is still D-finite.

1.2 Computations and applications of D-finite symmetric func-

tions

Mishna [15] and Chyzak, Mishna and Salvy [5] developed algorithms that compute a system
of differential equations satisfied by the Kronecker product of two symmetric functions given
the differential equations satisfied by each of these functions. In [16], Mishna introduced
a family of Kronecker product identities that were obtained using a Maple package that
implements these algorithms, and a multiplicativity property of the Kronecker product. We
use the same methods in order to obtain a family of D-finite scalar products that does not
satisfy Gessel’s conditions. These identities may suggest some ideas concerning the desired

weaker conditions for a scalar product of symmetric functions to be D-finite.

1.3 Reduced Kronecker product

The coefficients that arise from expanding (in terms of Schur functions) the regular multi-

plication of Schur functions are known as the Littlewood-Richardson coefficients, and they
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can be interpreted combinatorially by applying the well known Littlewood-Richardson rule.
On the other hand, the coefficients that arise from the Kronecker product of Schur func-
tions, which are called Kronecker coefficients (and can be proven to be positive integer using
representation theory), have remained a mystery for many years, as no one has been able
to find a general combinatorial interpretation or a closed formula for them. However, there
have been some recent research on the reduced Kronecker product, which was introduced
by Murnaghan in 1938, producing the reduced Kronecker coefficients, which may shed some
light on the nature of the Kronecker coefficients. Murnaghan’s work focuses mainly on the
reduced Kronecker product of Schur functions. Thibon [24] exploited the bialgebra and
Hopf algebra structure given by the Kronecker product and reduced Kronecker product of
symmetric functions in order to extend Murnaghan’s work and obtain very general Kro-
necker product identities. We do not develop Thibon’s theory here, but we present his
results and show that an important particular case of his main theorem can be obtained
using the algorithms from [15] and [5]. We conjecture that a more general case could be
deduced using these algorithms.

We also show how Thibon’s results may help us obtain an extension of Gessel’s theorem

on the closure properties of D-finiteness under the scalar product.

1.4 An outline

We recollect in Chapters 2 and 3 the basic concepts on generating functions and symmetric
functions. Most of the notation we use is based on Stanley [22] and Macdonald [14]. Also,
we recall the notion of D-finiteness in Chapter 4 along with the extension to symmetric
functions. In Chapter 5 we state Gessel’s closure properties of D-finiteness with respect to
the scalar and Kronecker products. Then we present an extension of it in Chapter 6 together
with the reduced notation of symmetric functions and some of Thibon’s results. Also, we
explain one of his results from the D-finiteness point of view and state some open problems

for future research.



Chapter 2

Generating Functions

Generating functions play an essential role in combinatorics, by encoding counting infor-
mation of combinatorial classes. They are of special importance in the study of operations
between classes as is the case in the theory of combinatorial structures. They are also useful
in the absence of a general closed formula for the number of objects of a given size in a

combinatorial class.

2.1 Basics

A combinatorial class is a pair (C, |-|) where C is a finite or denumerable set and the mapping
| - | : C — Z>o assigns to every element ¢ € C a nonnegative integer called the size of c,
denoted by |c|, such that the number of elements of any given size is finite. It becomes
natural then to consider the sequence (Cy,),>0, where C,, denotes the number of elements
of size n in C.

A formal power series is defined as an infinite formal sum of monomials in some set of
variables. The notion of convergence are not of foremost importance in our current work.
Formal power series are defined over a ring of coefficients. We are going to be working
mainly on the ring QQ of rational numbers. In the univariate case, power series are added

and multiplied in a natural way as follows:

anzn + Zgnz" :Z(fn+gn)zn-

n>0 n>0 n>0
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anz" X Zgnz" :Z<Z(fkgn_k)> 2",

n>0 n>0 n>0 \k=0
The coefficient of z™ in a formal power series f(z) is denoted by [2"]f(z).
Generating functions are particular cases of formal power series that depend on combi-

natorial classes. Given a class C, its ordinary generating function is defined by:

C(z) = Z Cpz",
n>0
where C,, is the number of elements of size n in C. Also define the exponential generating
function of the class C as the formal power series
~ Zn
n>0
Ordinary generating functions are normally used for classes of unlabelled objects while

exponential generating functions are used to count classes of labelled objects.

Example 2.1. Denote by P the class of all the permutations of sets of the form {1,2,...,n},
where the size of a permutation o : {1,2,...,n} — {1,2,...,n} is n. The number of objects
of size nis P, = n(n —1)---1 = nl, since a permutation of size n is a bijection of the set
{1,...,n} into itself. There are n possibilities for the image of 1, then n — 1 for the image
of 2 and so on. Thus we get the sequence (P,),>0 = 1,1,2,6,...n!,.... The ordinary and

exponential generating functions of P are given respectively by:

P(z) = Z nlz",

n>0
~ z" 1
_ 12— n _
P(z)—Zn.n!—Zz =71
n>0 n>0

Notice that the ordinary generating function does not have a simple expression, while the

exponential one does, which suggests it may be the more relevant series to study.

Multivariate formal power series are also important in combinatorics and serve to keep
track of additional parameters. Consider a class (C,|-|) and a family of parameters x; :
C—Zsp,i=1,...,d. Let u= (u1,uz,...,uq) be an ordered set of formal variables and for

any k = (ky,ko,. .., kq) € N? denote u¥ = ulfl ~~u§d. A multivariate generating function
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(MGF), either ordinary or exponential, of the combinatorial class C, is a formal power series

in two or more variables z,uy, us, ..., uq, defined by
f(z,u) = anykukz”, (ordinary BGF),
n,k
— n
f(z,u) = Zlgfn,kuk;;!, (exponential BGF).
n

where f, x is the multi-index sequence of the number of objects ¢ in the class C, such that

lp| =n and x;(p) = k; for 1 <j <d.

2.2 Classes of generating functions

In this section we define some useful classes of generating functions in enumerative com-
binatorics. Namely the rational, algebraic and differentiably finite (or D-finite) generating
functions. The importance of these categories of generating functions is the fact that they
all imply the existence of a relatively simple recurrence relation on their coefficients. A
generating function, or more generally a formal power series, F'(x) is rational if there exist

polynomials r(z), t(x) € Q[x] such that

r(z)
Fx)=—+= 2.1
(@)= 5 (2.)
where ¢(0) # 0. As a simple example consider F(z) = _, ;2" = 1%, which is a rational
function.
A formal power series F' € Q[[z]] is algebraic if
te(2)F(z)* 4+ tp_1 (2)F(2)* 1 + -+ to(z) = 0, (2.2)

for some polynomials to(z), ..., tx(x) € Q[z] with t; # 0. The degree of F(z) is the smallest
positive integer k for which an equation of the form (2.2) is satisfied. An example of an

algebraic power series is

F(z) = \/1%5 — Sy <—?11/2> "

n>0

where —1 + (1 — x)F(x)? = 0, so the polynomials corresponding to equation 2.2 are to(z) =
—1, t1(x) =0, to(x) =1 — z and ¢;(x) = 0 for i > 2. Notice that F(x) has degree 2.
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An example of a formal power series that is not algebraic is the following:

xn
F(z) =exp(z) = Z oy
n>0
To prove that exp(z) is not algebraic, suppose that it is, and let d be the smallest degree

of a polynomial equation
ap + ay exp(z) + -+ - + agexp(dx) = 0,
satisfied by exp(x). Differentiating this polynomial equation we obtain another one
aj exp(x) + - - - + dagexp(dx) = 0,

and by subtracting the first equation times d to the second one, we obtain one with degree
smaller than d, which is a contradiction.

It is easy to see that any rational power series is also an algebraic power series. It is well
known that the coefficients of both rational and algebraic generating functions satisfy simple
recursions (Stanley [22]). The class of D-finite functions was introduced in 1980 by Stanley
[21], given by generating functions whose coefficients satisfy more general recursions. A
generating function is differentiably finite if all of its derivatives span a finite-dimensional
vector space. We give a more formal definition of differentiably finite generating functions in
Section 4.1. This formal definition easily extends to multiple variables, an infinite number

of variables and to the notion of D-finite symmetric functions.



Chapter 3

Symmetric functions

As stated in the introduction, we are mainly interested in improving our understanding
of the scalar and inner products of symmetric functions. We define a symmetric function
on ry,x2,...,ITn,...as a formal power series that is invariant under any (possibly infinite)
permutation of variables. Let Q be a field of characteristic zero and consider the space of
symmetric functions of degree n over Q, denoted by A™. If we take the direct sum of the
AVs, ie: A = 69120 A?, we obtain the space of all the symmetric functions, which is also a

graded algebra.

3.1 Partitions

Both the inner and scalar products of symmetric functions are often defined by setting the
value of these operations on the relevant bases of A given in Section 3.2. All of these bases
are indexed by integer partitions, so let us first recall some elementary concepts concerning
partitions. A partition A = (A1,...,A) of a nonnegative integer n is a non-increasing
sequence of integers \; (parts) such that >, \; = n. We write A - n and |A\| = n and we say
that n is the size of A\. The empty partition is denoted by (0) - 0 and is assumed to have
zero parts. Other important parameters of the partition A are denoted by [(\) and m;(X)
(or simply m;), where [(A) is known as the length of A and counts the number of nonzero
parts of A\, while m; denotes the number of parts of A that are equal to 7. Using this last
parameter, we can write a partition using another notation A = 1™12™2...py™r which is
frequently convenient. Let us now define the integers zy = 1™'mq12™2my! - - - ™ m,! and
ex = (=1)mzrmate Also set P = {J,,50 P(n) with P(n) denoting the set of all partitions
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Young diagram of A. | Diagram of shape \.

Figure 3.1: Young diagram of shape A = (7,6,4,3,3,2,1,1,1) and its conjugate.

of n.

A partition can be visually represented as a Young diagram. A Young diagram is a finite
collection of boxes into rows, where the number of boxes in each row is greater than or equal
to the number of boxes in the next one below. Each part of a partition is equal to the number
of boxes in the corresponding row of its Young diagram. Notice that this representation is
well-defined and unique. Define now the conjugate, also known as transpose, of a partition
A, as the partition obtained by reflecting the Young diagram of shape A\ along its main
diagonal. We denote it by \'.

Figure 3.1 shows the Young diagrams of the partition A = (7,6,4,3,3,2,1,1,1) =
132132416171 of size 28 and length 9 and its conjugate \' = (9,6,5,3,2,2,1).

A standard Young tableau (SYT) of size n is a Young diagram of a partition A - n
combined with a labelling of each box by the numbers 1 to n such that these integers are
strictly increasing both in every row (from left to right) and in every column (from top to
bottom). If we relax the strictly increasing condition in the rows so that these are weakly
increasing, and we allow the labels to be positive integers without additional restrictions,
we obtain what is called a semi-standard Young tableau (SSYT). The partition A is called
the shape of the SSYT (or SYT), and the labels of the boxes are its entries. Also, we say
that a SSYT T has type o = (a1, e, ...) if T has exactly «; entries equal to i. Notice that
a SYT is simply a SSYT of type (1,1,...,1).

Example 3.1. Consider the same partition A = (7,6,4,3,3,2,1,1,1) from Figure 3.1. A
SSYT of shape A is illustrated in Figure 3.2.

Given two partitions A and g such that g C A (this is u; < A; for all 7) define a skew shape
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il]1]2)13|5]|6]7
2121341618
314145
415]|5
51629
719
8

10

=

12

Figure 3.2: SSYT of shape A = (7,6,4,3,3,2,1,1,1) and type (2,3,3,4,5,3,2,2,2,1,0,1).

1111617
41618
415

ol |lwv |-
w

2

3

8
[10]

=

12

Figure 3.3: SSYT of skew shape \/u = (7,6,4,3,3,2,1,1,1)/(3,3,1,1)

as the diagram \/u obtained after deleting the cells corresponding to the Young diagram of
i, from the Young diagram of \. A SSYT of skew shape \/u is defined the same way as a
SSYT of a non-skew shape. See Figure 3.3 for example.

Finally recall that a composition a = n of a nonnegative integer n is simply a finite
sequence a = (a1, ..., a) of nonnegative integers that add up to n. A composition is said

to be weak if at least one of its parts is equal to 0.
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3.2 Some important symmetric functions

In this subsection we present some of the most important families of symmetric functions.

The first relevant family is that of monomial symmetric functions, which are denoted by

m(x) (where x = (21,29, x3,...) and A = (A1, A2, ..., A;) is a partition), and are given by:
my(x) := g xg\lla:?; . x;\k’“ with m ) = 1.
11,82, ,0 >1
all different

The second family consists of the power sum symmetric functions which are given by:

Pn(x) = Zx? for n > 1 and py = 1;
i>1

PA(X) == Dx; - Dy

The elementary symmetric functions ey are defined as the sum:

en(x) == Z Xiy Xig -+ - T, forn > 1 and eg = 1;
11 <1< <lp
ex(x) :==ey, - -ey,-
Now we define the complete homogeneous symmetric functions hy by the formulas:
hp(x) = Z Xiy Xigy -+ - T, for n > 1 and hg = 1;
11 <19 <<
h)\(X) = h)\l s h)\k.
Notice that the complete homogenous symmetric function indexed by n is the sum of all

possible monomials of degree n, while the elementary are the sum of only the monomials of

degree n where each variable does not appear more than once. In other words:

h, = g my and e, = min.
AFn

Last, but not least important, are the Schur symmetric functions, which can be defined

sx(x) == ZXT.
T

as follows:
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where the sum is over all SSYT of shape ), and xT denotes the monomial xtay? -+ -, where

r; is the number of times the entry ¢ appears in T. For instance, for the SSYT of Figure
3.1 we have:

T 2.3.3,4.5.3.2 2 2
X =T T9X3X 4T 5T L7 XLL10L12,

which would be one term in the expansion of s(76.43321,1,1)(X)-
Notice that the monomial symmetric functions and the Schur functions do not satisfy
the nice multiplicative property that defines the elementary, power sum and complete ho-

mogenous symmetric functions. We will study Schur functions more deeply in Section 3.4.
Example 3.2. Some examples of the symmetric functions defined above are the following:

e m) =po =ho =eo = sp) = 1.

.m1:§ Zi,

m2,1) = xlxg + xla:z + .%'1233 + x1x3 Z:c xj.
i#j

op2_x1+:v2+x3 Zx

P2,1) = P2p1 = a3 + wizo +$1$3 + o+ ada +ad + 2w+ Z:U +Zﬂ$ xj

1#]

= M(3) T M2,1)-

® ) =XT1X2 +XT1X3 +T1Xg4 + - = szx]
i<j

€(2,1) = €261 = m% + xlm% + x12073 + :B%xg +ziwaws + - = mg1) +3Mm11,1)-

® hy = 33% + 2122 + 123 + 124 + - + x% + T2x3 + T2T4 -0 = My 1) T TY(2)-

h(a,1) = hah1 = o} + 2z +airs + -+ 2iwe + 123 4+ mizoxs + - + 2wy + T1@OW3 +
T3 =3m,) + 2me) + M)
o D (x) = my(x).

As suggested by the previous examples, it is always possible to write the symmetric
functions from each of these families in terms of the others. In fact, the sets {mj}a-n,

{extarns {Patarn, {Prtarn and {s)}a-n are all linear bases of A™ over Q.

Theorem 3.1 (Symmetric functions fundamental theorem [22]). Every set {my : A - n},
{ex : A n}, {hy: A n}, {pr: A n}, {s\: A n} forms a linear basis for A™.
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The complete proof of this theorem is omitted, but it can be found in [22].

Corollary 3.2 ([22]). Every set {my : A € P}, {ex : A € P}, {ha: A € P}, {pr: A € P},
{sx: XA € P}, where P is the set of all partitions, forms a linear basis for A.

3.3 Relations between the bases of A

In this section we show the relations between power sum, elementary and complete sym-
metric functions with monomial symmetric functions among other relations between them.

Denote by My, (where A, p |= n) the number of matrices A = (a;;); ; where a;; € {0,1}
such that the sum of the entries of the rows of A is A (row(A) = A) and the sum of the
entries of the columns of A is p (col(A) = u). Notice that we may assume these matrices
to be infinite, since we can always write any finite matrix as an infinite one by completing

it with zeros.

Example 3.3. Set A = (4,3,3,2) and p = (4,2,2,3,1). A matrix satisfying row(A) =
(4,3,3,2) and col(A) = (4,2,2,3,1) is given by:

O = RO

1
0
1
1

— = = =
S O = =
oS O O =

Now denote by Ny, the number of matrices A = (aij)m where a;; € N such that
row(A) = X and col(A) = p and by Ry, the number of ordered set partitions 7 =
(Bi,...,By) of the set [[(A\)] = {1,...,1(N\)} such that p; = Ziij i

Proposition 3.1 (see Stanley [22]).

1. The coefficient of X% in ey, where « is a weak composition and A is a partition, is

equal to My, i.e:

ex(x) = Z My (x).

phn=|A|

2. The coefficient of X% in hy, where o and A are given as before, is equal to Ny, this

18!

ha(x) = Z Nump(X).

pukn



CHAPTER 3. SYMMETRIC FUNCTIONS 14

3. The coefficient of x* in py for u a partition is equal to Ry, i.e:

= Z Ry, my(x)
ubn
Proof. (Sketch) We are going to present the idea for the first part of the proposition, as
the other ones follow from the same type of argument. The idea of the proof is to find a
bijection between the (0,1)-matrices A = (a;;)i; with row(A) = A and col(A) = o and
the monomials x that appear in the expansion of ey. Given a (0, 1)-matrix, the condition
row(a) = X means that we are choosing A; entries from the first row, A9 from the second
and so on. This is equivalent to selecting a term from ey, , one from ey,, etc. If we multiply
all of them, we get a term of ey. On other hand, the condition col(A) = « means that we are
taking z; exactly « times, z9 exactly ao times, etc. In other words, the product is exactly
x®. Conversely, any monomial in ey corresponds to such matrix (see [22] for a proof of this
correspondence). We have proven that every (0, 1)-matrix with these conditions corresponds
to an occurrence of the term x® in the expansion of e). Therefore, the coefficient of x is

equal to the number of such matrices. See Stanley [22] for more details. L)

The equalities M), = M, and N, , = N, are a direct result from the definitions
above, which tells us that the matrices of change of basis between {e)} and {m,}, and

between {h)} and {m,} are symmetric.

Corollary 3.3.

H(l - xlyj Z N)\,uEPm)\ Z m)\

i,J At AEP
o [[(+aiy)= > Mymix =D malx
1,7 A\ UEP AEP

Other important relations that we are going to be using are those between complete,

elementary and power sum symmetric functions.

Proposition 3.2 (see Stanley [22]).

[T =z~ ZZA PAPAY). (3.1)

1,]
[T+ ziyy) = ZZA ExpA(X)pA(Y)- (3.2)
2

where z), = 1™ m12™2mgy! - r™rm, ).
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Proof. (Sketch)

logH —zy;) T = Zlog —zy;) ")
- zi(m) o
i J

n>0

= Z %pn (x)pn (y)

n>0

This result can be used to prove Equation 3.1 (see Stanley [22]). In a similar way we

can prove (3.2). )

Corollary 3.4.

hy = Zz;lp)\. (3.3)
AFn
en = ZsAzglp/\. (3.4)
AFn
Proof. To prove (3.3), use the first part of Corollary 3.3 and set y1 = ¢, yo =y3 =--- = 0.

Then use formula (3.1). Similarly for (3.4) but using the second part of Corollary 3.3 and
formula (3.2) instead. L]

Example 3.4. For example:

4 2 2
Pu _P1 pbip2 | pPiP3 | D3 | P4
=) =ttty TRt
u|—4'u'

Define the following two symmetric series in A(t) :
Z hnt™ and e(t Z ent™.
n>0 n>0

Using Corollary 3.4, the notation A = 1"12™2...r™ and the definition of z), these have

simple expressions in the power sum basis:

ik
ht)=> hat"=exp [ Y ka , (3.5)
n>0 k>1
j—1Pkt”
= Z ent’” = exp Z(—l) -+ | (3.6)

n>0 k>1
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Particularly, denote h = h(1) and e = e(1).
Some connection coefficients have been conveniently omitted from this section. One of

the most complete references on this subject is [22].

3.4 Schur functions

Schur functions are considered among the most important families of symmetric functions,
mainly due to their connection with representation theory and other algebraic topics, which
have led to several generalizations. Here we show one of their most relevant generalizations
(skew Schur functions) and a more general algebraic definition which expresses them in
terms of the complete homogeneous symmetric functions. Recall from the beginning of this
section the combinatorial definition of the Schur symmetric function indexed by a given
partition A. With this definition, it is natural to define Schur functions indexed by skew

shapes A/u. These symmetric functions are known as skew Schur functions. Formally:
Sa/u(x) = ZXT. (3.7)
T

summed over all SSYTs T of shape A/u. Notice that this is a more general form of Schur
function, since sy /) = sx.

From the combinatorial definition it is not obvious that s) is a symmetric function.
However, a key theorem due to Jacobi expresses the Schur functions in terms of the com-
plete homogeneous symmetric function basis. For any partition A = (A,...,A,) and

w=(u1,-.., ) C A, we have:

SA/p = det (hAi—,uj—i-i-j)ijl'

where hg = 1 and h, = 0 for k < 0. This is known as the Jacobi- Trudi identity and it can
be proven by either a combinatorial or an algebraic argument [22]. Notice that by using
this formula the definition of Schur functions can be extended to weak compositions (that

is, to the case where the sequence A1, \g, ... is not necessarily decreasing).
Example 3.5. Consider A = (3,3,1) and = (0). We have
hs hy hs

S\ =S@331)/0) = | ha hs hy | =hshy+h3ihy — hghs — hahshy.
0 1 M
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We remark that expanding the complete symmetric functions in the monomial symmetric

functions basis will give

5331 = M331) TM322) +3M@2221) +2mE211) +6me11,1) +3m311,1,1)

+1lme1 11,11 +2Ima1111,0)-

sLytytydlyds

By Equation (3.7), there are 6 SSYT of shape (3,3,1) and type (2,2,1,1,1). Thus, the
coefficients of the sum above are the number of SSYT of shape (3,3,1) and type equal to

the partition indexing the corresponding monomial symmetric function.

3.5 Operations on symmetric functions

As pointed out before, a better understanding of the scalar and inner product of symmetric
functions is one of the key aims of algebraic combinatorics, and in general terms the moti-
vation of our work. These two products are defined in the next subsections, along with the

notion of plethysm.

3.5.1 Plethysm

Plethysm is a composition of symmetric functions, which corresponds to a sort of combina-

torial composition. Let f(x) be a symmetric function. Define:

Pulfl(x) = fa, 23, ..).

This definition can be extended by linearity and multiplicativity to any symmetric func-
tion, since {p) : A € P} forms a basis for A. Indeed, given any two symmetric functions

f,g9 € A such that f =), a\py, we have:

1N
flol =Y apalgl =D _ax [ o=l 23", .).
A A i=1
The following properties are satisfied by plethysm:
b pn[f + g] = pn[f] +pn[g]'
° pn[fg] = pn[f]pn[g}-

e p,lc] = ¢, for any constant c.
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® Du[pm] = Pam. Moreover, px[pm] = pma, for any integer partition A and any integer
m > 1, where mA denotes the integer partition of m|A| obtained by multiplying each

part of A by m.
The following are some useful identities involving plethysm:

Proposition 3.3 (Important identities I, Macdonald [14]).

hlho] = [T(1 = @iaj) ™", hlea) = T](1 = wiz) ™,

1<j 1<y
elhs] = H(l +z;x5) and elex] = H(l + zix5).
i<j i<j

where h =3 Sohyn and e =3 <qen.

Proof. We show that
hlea] = hnlea] = [](1 = wizj) "

n>0 1<j
By using Corollary 3.4 we have:

D halea] = D)z 'pales)

n>0 n>0 AFn

= D )z 'palealpall]

n>0 A\n
= >z palealpall]
A

= Z zglp,\(xlazg, 123,124, . - .)p)\(l, 0,0,0,0,.. )

A
= H(l — z;27) " by equation (3.1).
i<j
Similarly, we can prove the rest of the identities. )

Corollary 3.5 (Important identities II, Macdonald [14]).
ZS)\ = h[61 + 62].
A
Proof. 1t is known that

Z Sy = H(l — ;)7 H(l — x;z5) "' (see Macdonald [14]).
A i

1<j
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Then it suffices to show that

h[61 + 62] = H(l — Z‘i)il H(l — xixj)*l.

i i<j
Indeed:
hlei + e2] = g hnlel + e2] = g hn(z1, 22, ..., 2122, T123, . . .).
n>0 n>0
Since any monomial in {1, ..., 122, ...} is a monomial in {x1,x9,..}, times a monomial

in {29, z123, ...}, then:

Zhn(l’l,l’g,...,.CE1.T2,.T1:L’3,...) = Zhn[el] Zhn[ez]

n>0 n>0 n>0

By the previous proposition »_, - halez] = [[;;(1 — z;z;)"'. On the other hand:

Z hn[el] - Z hn

n>0 n>0

= 2. 2.am

n>0 A\Fn
= Zz;lp)\(l’l,l‘g, .. .)p)\(l, 0, 0, .. )
A

1
- Hl—l'i'

(2

Therefore,
SThaler+ea] = (D haled] | D halea]
n>0 n>0 n>0
= J[a =z []Q - zizy) ",
i i<y
and the result follows. &

3.5.2 Scalar product of Symmetric functions

The scalar product on A is a symmetric bilinear operation (,) : A x A — Q such that {m,}

and {h,} are adjoint bases, i.e:

(mx, hy) =0y, = 1if A = p and 0 otherwise.
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Also it can be shown that:

(Pas Pu) = Oapzn, and (s, s.) = dxu.

where z, = 1"'m!12"2my! - - - ™ m,! for p = 1"™12™2 ..M Notice that {px} and {pr/2)}
are also adjoint bases.

Recall that any symmetric function can be written as a linear combination of the mono-
mial basis, and that (f, h)) is the coefficient of m) in the monomial basis expansion of f;
thus the scalar product can be used to get coefficients of a particular monomial in a given
symmetric function. Also using the orthogonality of the power sums, one can produce ex-
plicit formulas for the coefficients of some monomials. These facts provide some methods
of coefficient extraction. We will state in Section 5.4 some of the results that Gessel [7] has

obtained using such methods applied to interesting enumerative problems.

3.5.3 Application to Schur functions

From the definition of Schur functions given by Equation (3.7), we can write the skew Schur

functions in terms of the monomial basis as follows:
SXu = ZKK/um”
12

where K7Y I denotes the number of SSYT of shape A/u and type v. These coefficients are
known as the skew Kostka numbers. It is possible to write these coefficients as a scalar
product using the orthogonality of the monomial and complete homogeneous symmetric

functions as follows:

KK/M = <8/\/u7hu>'
For example K /{n = (sx, hY), is the number of SYT of shape A. The generating function of
the class of all SYT is then,

Y(t)=> <Z K{) tn=>" <Z s)\,h?> T <§; SA,EH:h’ft"> . (3.8)

n \Arn n \\n

This generating series was studied by Bender and Knuth [3] and Gordon [8] in the case that
A is of bounded height. Their work gave a closed form in terms of Bessel functions. Gessel
connected these results with his definition of D-finite symmetric functions and obtained
equivalent results for bounded height partitions. But we will see more on this generating

function in Chapter 5 where we study the D-finiteness of different SYT generating functions.
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3.5.4 Kronecker product of symmetric functions

The remaining relevant operation of symmetric functions that we work with is called the
Kronecker product, also known as the inner product, which was first introduced in 1927 by
Redfield [19] and is defined by:

DA * Dy = OnuZAPA-

Notice that if we set py, = 1 for all ¢ after applying the Kronecker product we get the
scalar product. This idea is going to be useful later. Also, this product can be extended by

linearity. In particular, for Schur functions, we have that
S)* S, = Z CXusvs
v

for some positive integer coefficients C, which have been studied by Murnaghan for par-
ticular shapes. There are currently no explicit formulas for these coeflicients. We are going

to study this with more detail in Chapter 6.
Example 3.6. Consider the following Kronecker products of Schur functions,
® S@*Sy =Sy

® 5(4,21,1) ¥ 5(4,4) = 5(6,1,1) T 5(5,3) T 28(5,2,1) T 5(5,1,1,1) T 25(4,31) T 5(4,2.2) T 454,21,1) T

S,1,1,1,1) T 2533,2) T 533,1,1) T253,2,2,1) T 253,2,1,1,1) T 53,1,1,1,1,1) T 52,2,2,1,1)-

Remark 3.1. It is worth pointing out that A with the Kronecker product forms a commu-

tative ring with identity h =) h,. In fact:

P
o= (£8) 0
A
_ ZPA*PM
N A

_ Z ONuZADPA ‘

z
3 A

Therefore,
h* pu = Py (3.9)



Chapter 4

D-finite functions

We already defined rational and algebraic generating functions in Section 2.1. Here we
focus our attention on the more general D-finite (differentiably finite) generating functions
in one variable, which were introduced by Stanley [21] in 1980. Two years later this concept
was generalized to the multivariate case by Zeilberger [25]. And after ten years, Gessel
[7] developed a D-finiteness theory for symmetric series. In this chapter we recall all these
definitions and some important results concerning the closure properties of D-finiteness with

respect to scalar and inner products.

4.1 Definitions

Consider any field Q with characteristic 0 and Q[[x]] the ring of formal power series in x.

We say that a power series F' € Q[[z]] is D-finite (differentiably finite) in a variable z if F'

d"F
dxn

Q[[z]] over the field Q(x) of rational functions. It is proven in [22] that this is equivalent to

and all of its derivatives F(") = (n > 1) span a finite-dimensional vector subspace of

saying that there exist finitely many polynomials go(z), ..., qr(z), with g # 0, such that:
ar(2)F® + gy (2) FFV - 4 o) F = 0. (4.1)

where F(*) denotes the k-th derivative of F.
As with the rational and algebraic generating functions, it turns out that the coeffi-
cients of a D-finite generating function satisfy a recurrence relation. A function f: N —

Q is P-recursive (polynomially recursive) if there exists a finite number of polynomials

22
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ap(n),...,ax(n), with a; # 0, such that for all n € N:
ag(n)f(n+k)+ar—1(n)f(n+k—1)+---+aog(n)f(n) =0. (4.2)

Proposition 4.1. The power series F =Y f(n)z" € Q[[z]] is D-finite if and only if f(n)

1s P-recursive.

The proof of the only-if implication is obtained by noticing that the coefficient of z"*

in the left hand side of equation (4.1) is equal to the right hand side of equation (4.2), for
some polynomials a; that depend on the g;. The other implication is proven by using the
fact that (n + ¢); (the jth descending factorial of (n 4+ %)), for j > 0 forms a Q-basis for
the space Q[n] and so each a;(n) (equation 4.2) will be a linear combination of them (see

Stanley[22]).

Example 4.1. Consider the formal power series F'(z) = exp(z) =, %l We have that
F(z) is D-finite since all its derivatives are equal to exp(z), so they form a 1-dimensional
vector space. Equivalently, F'(x) satisfies the differential equation F’(x) — F(z) = 0. Also,

f(n) =1/n!is P-recursive, since nf(n) — f(n — 1) = 0.
Using a similar argument we can prove the following proposition:
Proposition 4.2. Let p(x) be a polynomial in Q[x|. Then exp(p(x)) is D-finite.

We can extend the definition of D-finite power series to multiple variables x1,...,x,.
To do this, consider the ring Q[[x1,z2,...,x,]] of power series in x1,...,2,. A function

F € Q|[x1,x2,...,x,]] is D-finite in the variables x1,x2,...,x, if the set of all its partial
gi1tigtt+in g
8$§1 ax? ~~~8:c%”
series F' is D-finite over an infinite number of variables 2 if for any subset of variables

S C Q the function F' obtained after setting x = 0 for all x € 2 — S is D-finite. It can be

derivatives spans a finite-dimensional vector space. Moreover, a formal power

shown that a function F' € Q[[x1, 9, ..., zy]] is D-finite if and only if F' satisfies a system

of n linear differential equations with polynomial coefficients, each equation having partial

derivatives with respect to only one of the variables x1,xo,...,z,. That is:
okF o1k ,
Qi,kaiﬁ‘i‘qzm_lw—|—-.._|_qi’0F:0, 2:1,2,...,n, (4.3)
for some polynomials g; ; in the variables x1, 2, ..., 2, such that not all of the polynomials

4i,0,4i,1, - - -, i, aT€ Z€ro.
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The combinatorial application below is related to the hook formula. Given the Young
diagram T = T(u) corresponding to a partition u, and a cell z € T, denote by hook(x)
the hook length of x (the number of cells in the same row to the right of x or in the same
column below x, plus z itself). Then, K /ﬁn the number of standard Young tableaux of shape

1 is equal to
n!

[ et hook(x)’

where K ;an is the Kostka number of shape p and type 1". This formula has been proven in

1 _
K, =

many different ways, from both algebraic and combinatorial points of view. We direct the

reader to the recent proof [2] by Bandlow.

Proposition 4.3. Denote by a,, the number of standard Young tableauzx of shape (m—|A|, A),

for a fized partition X\. Then {am }m>0 is P-recursive.

Proof. Using the hook formula we get:

m!
Ay =
[Taem(m— a0 hook(z)
m!
T Y
H No+m— A —i+1) H hook(z)
i=1 z€T(N)
K1\>\I '
B A m!
T mep
I] Xi+m—=IA=i+1)
=1
1Al
=—2_ Th
Set C'y AT en,
m!
= i) ml
[TVi+m=\—i+1) J[ m-—-i+1)
i=1 i=I(\)+1
m)! (AL 4+ X)) ,
- C , I\ = A
LI +m = A =i+ 1) | (m— | = A\)!
i=1
m 1
)\(|>\‘+/\1) N , IOor by C)\(M‘-i-)\l)

[TV +m =1 =i+ 1)
=1
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We claim that any rational sequence in one variable is P-recursive. To see this, suppose
that w(n) = Z(Z), where v and v are polynomials. Then we have u(n — 1)v(n)w(n) =
u(n)v(n — 1)w(n — 1) which proves that w(n) is P-recursive. Hence a,,, which is a rational
function on m, is P-recursive and therefore its generating function is D-finite. The linear

recursion for a,, is given by:

)\1 /\1

m—1 m
D N — AN =i+ 1)a, =D N — Al =) am—1.
A(M,Hl)g(ﬁm A =i+ 1a A<W+A1)i1:11<z+m Al = )amos

which can be simplified by removing the constant factor Dy on both sides and by expanding
the binomial coefficients:

A1 A1
(m = A= X0) [T +m = A\l =i+ Dag = m [ [N +m — [A] = i)am-1.
=1 =1

Notice that the generating function for a,, is given by

Ka(t) =) amt™ = > (san A"

n,m

= <§n: S Y h{”tm> .

m

Because the coefficients are P-recursive, this generating function is D-finite in ¢.

We find a more general consequence of Proposition 4.3 in Chapter 5.

Example 4.2. For the case A = (2,1), the previous recurrence becomes,
(m—=5)(m—1)(m — 3)am, =m(m —2)(m — 4)am_1.

Using Maple we can find the differential equation satisfied by the generating function f(t),
which in this case is given by,

2 Kz 1) (t) K21 (t)

6t 3_ 4D
0 dt? ( ) dt3

Ao 1) (t
(=3t — 15)Ka) (1) + (3t% + 15¢) (Z’t”( )
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4.2 Closure Properties

As we said before, D-finiteness gives information about the simplicity of the coefficients of a
power series. If a power series in one variable is D-finite, then its coefficients satisfy a linear
recursion with polynomial coefficients, which means that there exists a closed formula or
a polynomial time algorithm to calculate these coefficients. This makes D-finiteness very
important in enumerative combinatorics. Operations between power series often have a
combinatorial meaning, whether it is just coefficient extraction or more complex operations
between combinatorial classes, which makes the study of closure properties of D-finitness a
natural and very relevant addition to the theory of D-finite power series.

We denote by D the set of all D-finite power series in . The following theorem summa-

rizes some of the operations under which D-finiteness is preserved.
Theorem 4.1 (Closure properties, univariate case. Stanley|[22]).
1. If F(z),G(x) € D then aF(z) + G(z) € D and F(z)G(x) € D, for o, f € Q;
2. If F(x) is algebraic then F(z) € D;
3. If F(z) € D and G(x) is an algebraic power series with G(0) = 0, then F(G(z)) € D.

Proving that a power series is D-finite can be done by either finding the explicit dif-
ferential equations or by showing that the space where the derivatives of the function lie
is finite-dimensional. For the first part, the proof is done by showing that the dimensions
of the spaces containing the derivatives of aF'(z) + SG(z) and those of F(x)G(x) are both

finite. In the same manner we can prove parts 2 and 3 (see Stanley [22]).

Example 4.3. Take F(x) = exp(x) and G(r) = —~—. Using part 1 of Theorem 4.1, we

1-x
have that L(x) = % is D-finite.

From the second part of Theorem 4.1 we have that the coefficients of an algebraic power
series are P-recursive as was mentioned in Section 1.

Theorem 4.2 (Closure properties, multivariate case. Zeilberger[25]).

1. If F is D-finite with respect to x1,x2,...,ZTy, then F is D-finite with respect to any
subset of x1,x9,...,2,. The same holds when F is D-finite with respect to an infinite

number of variables.
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2. If F(x1,x9,...,2,) 18 D-finite in x1,x9,...,2, and for each k, uy is a polynomial
in the variables y1,ya, ..., Ym, then F(ui,ug,...,u,) (as long as it is well-defined as
a formal power series) is D-finite in y1,y2,...,Ym. In other words we may replace
the variables x1,...,x, for polynomials in another finite set of variables preserving

D-finiteness. This holds also when F is D-finite with respect to an infinite number of

variables, but the replacement can only be made on a finite subset of these variables.

These statements can be proven using the same type of techniques used for the univariate
closure properties (Theorem 4.1).
The Hadamard product (®) of two power series F(x) = Y ;a;x! and G(x) = > bjxI

(where i = (i1,...,i,) and x! = 222 - .- zin) with respect to x is defined as follows:

F(x)©oGx) = Zaibixi.

What is the effect of the Hadamard product on D-finite power series? This question was

answered by Lipshitz in 1988:

Lemma 4.1 (Lipshitz [12]). Suppose that F' and G are D-finite in x1,x2,...,Tmin. Then
the Hadamard product F© ® G with respect to the wvariables x1,x3,...,xy is D-finite in

L1,L25 -y Tm+n-

In this section we have presented a reasonable collection of tools that allow us to show
that a given power series or generating function is D-finite. However, we do not have many
general techniques to prove that a formal power series is not D-finite. Usually a good

argument is by contradiction, as illustrated in Example 4.4.

Example 4.4. Consider the function F'(z) = exp (exp (z)). We claim that F(z) is not
D-finite. Suppose, in order to obtain a contradiction, that F'(x) is D-finite. Thus the vec-
tor space V' spanned by the derivatives of all orders of F(z) is of finite dimension d. We
claim that exp(nz)exp(exp(z)) € V for all n € {0,1,2,...}. Clearly exp(0x) exp(exp(x)) =
F(x) € V. Inductively if exp(nz) exp(exp(z)) € V, then its derivative n exp(nx) exp(exp(x))+
exp((n + 1)z) exp(exp(z)) is also in V, and so exp((n + 1)x) exp(exp(x)) € V. Hence there
is a nontrivial linear combination of {exp(nz)exp(exp(z))}o<n<q which is equal to 0. That

is:

d
(zan exp(nx>> exp(exp(x)) = 0,
n=0
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for some scalars a,. Since exp(exp(x)) # 0, we have that exp(x) satisfies a nontrivial
polynomial of degree d, which implies that exp(x) is algebraic, contradicting an example

mentioned in Section 2.2.

There exists another argument based on singularity analysis to prove that a function is

not D-finite. As an example of this, consider:
Theorem 4.3 (Folklore). The number of partitions of n, denoted by p(n), is not P-recursive.

In order to prove this, it suffices to show that the ordinary generating series
N 1
> ot =111
n>0 k
is not D-finite. For this, notice that such generating function has an infinite number of
singularities, which is not possible for a D-finite power series. We do not cover this type of

analysis in our work, the reader is directed to Flajolet and Sedgewick [6] for further details.

4.3 Symmetric Series

The last extension of this definition applies to symmetric functions. Consider the power
sum symmetric functions as formal variable and the ring Q[[p1, p2, - - -, Pn, - . .]] of symmetric
power series. A symmetric series f € Q[[p1,p2,...,Dn,...]] is D-finite if it is D-finite with re-
spect to any finite subset of the p;’s, after setting p; = 0 for every p; that is not in the subset.
Equivalently, after setting p; = 0 for ¢ > n+1, the set of all its partial derivatives with respect
to the p;’s spans a finite-dimensional vector subspace of Q[[p1,p2,...,pn]]. Moreover, if we
consider the ring Q|[[¢, p1, P2, - - - , Pns - - -]], then a symmetric series f € Q|[[t, p1,p2,- -, Pns- - -]
is D-finite if it is D-finite with respect to ¢ and the p;’s.

Example 4.5. Recall that h =3 - hn, = exp (Zk21 %) (Equation 3.5). If we set pr, = 0

for k > ng for some ng € N, we get

no
p
hlp, = exp (Z l:)
k=1

which is clearly D-finite with respect the p;’s. Notice that F' = exp(h) is D-finite with

respect the h;’s, but we cannot say the same with respect to the p;’s, because

F =exp | exp Z% ,
k>1
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is not D-finite in the p;’s (set pr = 0 for k& > 2 to obtain exp(exp(p1)) which is not D-finite
by Example 4.4).

Proposition 4.4. Let g € Q[t,p1,p2,...,DPn] then exp (g) is D-finite with respect to t and
the p;’s.

The proof is straightforward since the derivative of a polynomial is a polynomial.

Example 4.6. For instance, the symmetric series,

w(t) = exp (i T)
k=1

is D-finite with respect to ¢t and the p;’s. The system of differential equations satisfied by
w(t) is given by:

ow(t) tk
— — = <k<
oo w(t) ’ 0 for 1<k<m,
Ow(t) i1
5 w(t) 2221 " pi = 0.

4.4 Plethysm

Next we present some examples and results that reflect the relations between the notion of

plethysm and the theory of D-finiteness of symmetric functions.
Theorem 4.4 (Gessel[7]). If g is a symmetric polynomial then hlg] and e[g] are D-finite.

Proof. Let g be a symmetric polynomial of degree d. Hence, we can write g in terms of the

power sum basis g = ngd axpx. We obtain:

hlg] = Zhn[g] = exp Zpkk[ﬂ , since h = exp (Z 2;5) .
k

n>0 k>0

k>0

k ok
g(xy, x5, ...
= exp g 7( L /<:2 )
k>0
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Let us write g(z%,25,...) = Zl)\Kda)\p,\(a:’f,wé ...). Then:

Mol = exp 3037 T

k>0 |\ <d

Where kXA = (kX kA2, ..., k)\;) for any given partition A = (A1, Ae,...,\;). Now set
p; =0 for i > m:

m
APk
h[g]|pi:0’i>m:exp E E T
k=0 |X\|<d

Since prx = PrA, - Pry, and hence pyy = 0 for & > m. Thus the symmetric series

> n>0 hnlg] is D-finite in {p1,p2,...,pm} by Proposition 4.4 and therefore it is D-finite in
{plap27"’}' *

Example 4.7. Some examples of D-finite symmetric functions using plethysm are as follows:

2 2
e Consider the symmetric polynomials ko = %. and ex = %. Recall the identities:

hlho) = TT(1 = wswj) ™", hlea) = [](1 = wizy) ™",

i<j i<j
elho] = [J(1 + ziz)), elea] = [[(1 + wixy).
i<j i<j

These symmetric series are all D-finite in the p;’s.

e Also, ) sx = hle1 +e2] is D-finite. More generally, for a fixed partition p, Y\ 55/, =
hler + e2] >y s,/ is D-finite.

These identities were shown in Subsection 3.5.1. The coefficient of each monomial in the
expansion of these symmetric series has a nice combinatorial interpretation. We will state
this in Chapter 5, where we relate these coefficients to a graph enumeration problem that

was studied by Goulden and Jackson [11].

4.5 Schur Functions

In this subsection, we present some examples of D-finite symmetric series that were not

considered by Gessel. They play an important role in Chapters 5 and 6.
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Lemma 4.2. For a fized partition A, the symmetric series ) . Sm— AT = Yon sn,At”H)"
is D-finite in {t,p1,p2,...}.

Proof. Let A = (A1, A2, ..., \r) be a partition of length . Recall that s, = det (huriﬂ')?j:r
Thus:

S S S
h’>\1—1 h)q s h)\1+7‘—1
SpA = . .
hyx.—r hx—ry1 ... ha,
= husx — hng18y1 + Bogasyz — o+ (1) hangrsyy

As it was observed by Thibon[24],

Z Sn’)\tnﬂ)“ = tw Z(hnS)\ — hn+18)\/1 + hn+28)\/12 — 4 (—l)rhn_H«S)\/lr)tn
= ") (=1 hmsyet™
k,m
m k

T

= th(t) > (=1)Fsy /.

k=0

Now we recall that h(t) is D-finite with respect to ¢ and the p;’s. Also, > (—1)k3)\/1k is D-
finite in the p;’s, because it is a finite polynomial in the Schur functions, which implies that

it is also finite in terms of the p;’s. Therefore ) sn)\t"*')" is D-finite in {t,p1,p2,...}. &

Example 4.8. Set A =1 in the previous lemma:

Z Sn—l,ltn = Z(hn—lhl - hn)tn

n>0 n>0

= (mt—1))  hpt"

n>0

_ _ k Pk
= (pit—1exp | > ¢t k
k>1

= (it — 1)h(2),

which is D-finite, because it is the product of two D-finite symmetric functions.
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Lemma 4.3. For a fired nonnegative integer k, the symmetric series y Snktkn 18 D-finite

in {t7p17p27 . }

Proof. Let p be a partition of length n. Recall that s, = det (hm_iﬂ-)?j:l. Let S,, be the

permutation group of n elements. Denote by sgn(o) the sign of a permutation o € S,,.

n

k
= Z ZSQTL(U)th—Ha(i) thn
i=1

n oESk
k
= Z sgn(o) Z <H hn—i—l—a(i)) th.
€Sk n i=1

Using the Hadamard product we can write the sum over n as kK Hadamard products.

k k
Z <H hn—i-‘ra(i)) thn = @ (Z hn—i-i—a(i)tkn) :
n =1 =1 n

Now,

D-finite with respect to ¢ and the p;’s, since the t — t* preserves D-finiteness. The result
follows from Theorem 4.1. &

Example 4.9. Set k = 2 in the previous Lemma:

> St =Y (hh = by by )"

n>0 n>0
= D A= gt
n>0 n>0

We have that

Z hitQH _ Z hnth ® Z hnth

n>0 n>0 n>0
is D-finite. On the other hand, since

Z hn—lhn+1t2n = Z hn—1t2n © Z hn+1t2n7
n>0 n>0 n>0

is D-finite because Zn21 By 1t?" = t2 ZmZO hmt?™ and Zn21 Ryt = t% Zmzl By t?™

are D-finite, then >, -, s(nvn)tQ” is a D-finite symmetric series.
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Theorem 4.5. Let \ and p be fized partitions and k a fixed nonnegative integer. Then the
symmetric series y . S(nk7/\)/utkn+‘)\|_|“| is D-finite in {t,p1,p2,...}.

Proof. Set p;=nif 1 <i<kand p; =\ for k+1<i<k+r. We obtain

kn+|A|— ktr knt|A|—
Zs(n’%)\)/ut =l = Zdet (hpi—w—iﬂ)i,}zlt nHA=lul

n n
k k+r

= kn4|A|—
- Z Z sgn(U)th—/ﬁg(i)—i—i-U(i) H h/\i—k—ﬂa(i)—i-l-a(i) e A= 1w

n \OESktr i=1 i=k+1

k+r
= kn+|A|—
o Z sgn(o) Z (H hn—ua(z-)—iJrJ(i) H hAi—k_llg(i)—i-‘rJ(i)) gt A=l
0ESk4r n \i=1 i=k+1

Let us denote

k k+r
= kn4|A|—
Ry = Z (H 40 H hAi_k_%(i)_Hg(i)) Al =lpl
i=1

n i=k+1

Since the sum over o € Sy, is finite, we only need to show that R, is D-finite. Indeed

using the Hadamard product on the variable ¢:

k+r k
Al— kn
Ry = ( H h)\ifkfuo(i)*i+0'(i)t| | |u|> Z (H hn#o(i)HU(i)) t
=1

i=k+1 n
k+r k
Al— k
S R R Nol ot
i=k+1 =1 n
which is a D-finite symmetric function by the same argument as Lemma 4.3. [

This last theorem will play an important role in Chapter 5, where we find generating

functions of SSYT restricted to specific families of shapes.



Chapter 5

D-finiteness and the scalar and

Kronecker products

In this chapter we present a few closure properties of D-finiteness under the scalar and
Kronecker products of symmetric functions. We study some identities that suggest the

possibility of an extension of these closure properties.

5.1 Kronecker product

Recall that the Kronecker product of symmetric functions is given by py * p, = dy,2apx. In

Gessel’s treatise on D-finite symmetric functions, most of the results stem from the following:

Theorem 5.1 (Gessel [7]). If f and g are symmetric functions that are D-finite in the p;’s
(and maybe in some other variable t), then f x g is D-finite in these variables.
Proof. Let f = >\ axpx and g = }_  bup, be symmetric functions and set v = 3. 2,py.
We have that

fxg=> abanpr=fOg0ow.

A
On the other hand, recalling that zy, = 1"r1!12"2r3! ... we can write v as follows:
v o= Z 1712729 o plipn? -
T1,72,...
= (Z 7“1!(11?1)”) (Z 7“2!(2192)7"2)
1 T2
= A(lp1)AQ2p2)--- .

34
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where A(y g nly™ is a D-finite generating function since its coefficients are P-recursive.

n>0
Thus v is D-finite by using part 1 of Theorem 4.1. We have obtained that f, g and v are

D-finite. Hence Theorem 4.1 provides the desired result. &
5.1.1 Some Kronecker product identities

In this subsection we present some useful identities involving Kronecker products.

Lemma 5.1 (Mishna [16]). If f and g are two symmetric functions such that f(p1,p2,...) =

l_IaZ pi) and g(p1,p2,...) ch pj). Then fxg= H A (Pm) * Cm(Pm)-
i>1 7>1 m>1

Proof. We write a;(p;) Z alkpl and ¢;(p;) Z czkpz,
k>0 k>0

fxg = (Jat | = | [T i)

i>1 j>1

_ k1, k k1 ko

= d " a1k aoky - PDE - | > CiryCony - PYDE?
k1,k2,..>0 k1,k2,..>0

k1 k
= E Zky ks ... A1k, Clky O2ky C2ko = * " D] Po” =+
k1,k2,..>0

= H Z kY apcipp?

i>1k>0

= [l aw) *cio).

i>1
&

As stated in [16], this lemma in combination with the algorithms of Chyzak, Mishna and
Salvy [5] (which are implemented in Maple) calculate the differential equations satisfied by
the Kronecker product f * g (for f and g as above) when the ones satisfied by f and g are
known. Their algorithm computes Grobner basis in the Weyl algebra, and a description is
beyond the scope of this thesis.

The following is an example of a symmetric function which can be decomposed as in

Lemma 5.1:
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Example 5.1. Consider
B Pr[e2]
hlea] = exp [ 322412
E>1
We can write this symmetric function as a product of functions depending on only one of

the p;’s. Indeed:

2
Pk | P b
ool = oxp | 0 [ - 2]
k>1
pi D2k
= x| D oo
k>1
2
2k 2k
k>1
p p
= I (5) e )
k even & odd

More generally, if g is a sum of symmetric functions, each depending on only one of
the p;’s, then the plethysms h[g] and e[g] can be written as a product of functions, each
depending on only one of the p;’s. Indeed, if g = Zk21 9k (pr), then

hlgl = b > gk(pr)

k>1
Di [2@1 gk(Pk)}
i>1
ke (Pri
= exp [ 3 T )
i>1
B 9k (Pri)
= P Z i ’

i,k>1

which gives the desired result by grouping similar terms in the exponent. The plethysm e[g]

is verified in a similar way.
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The following identities (Macdonald [14]) are satisfied:

= Z i t"

exp

tn
e(t) = Zent” exp (Z ) 1n ) ,
n n
1) =Y ot = exp (3T Pt
S = S X )
" P 2n — 1
t2n _ t2n 1 (_l)n "
-1 _ A Dan—1 Dn
_stt exp( om — 1 + " ,
AERV
2n 2n—1 n
-1 N pit Pon—1t _ Pnt
= t
2 b ( 2n 2n — 1
NeFEv
where Fv := {\ : all parts of A are even}. Also, with the notation s = s(1),
s(1)e(1)~! and sh™! = s(1)h(1)~!, we have the following result:

Theorem 5.2 (Kronecker product identities, Mishna [16]).

are satisfied, where

pnt"
Modd(even) (t) eXp Z 1 |
n odd(even) n(l Pnl )
2n
it
t - "%
q( ) exp (zn: 2n(1 p%th)) ’

The identities from Table 5.1

, Pnt”
i = JJa-wmen—2

n>1

Proof. The first line of the table is obtained by using the fact that h = h(1) is the identity
with respect to the Kronecker product (Equation (3.9)). The rest of the identities are proved

by using Lemma 5.1 and algorithms from [5]. As in [16], we present a typical argument for
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e h(t) s(t) s(tet)™  s)h(t)™!

8 H(t)moqa(t) — 1(t)q(t) 1(t)q(t)
sh™! (t)meven(t)  1(2)4(1)
se ! L(t)meven(t)

Table 5.1: A family of Kronecker product identities

one of the products that can be adapted to show the remaining ones;

exsh™t = lgexp((— 1pk> Hexp< p2111 Z?)

k odd
2
. H exp (—%) * eXP <§Z — 1;:) , by Lemma 5.1.
k even
= [ 9te) TT fs),
k odd k even

where g(pr) = g1(pr) * g2(pr), f(px) = f1(px) * f2(pr) and g1, g2, f1, f2 are the exponentials
above. Then using Maple (algorithms in [5]), we get the differential equations satisfied by

each of these Kronecker products,

—prg(Pr) — ka(gag)’“)) =0 for k odd,
k
;.94 (or))

= 0 for k£ even.
Opg

(o + 1) f(pr) —

These equations can be solved in Maple, yielding;:

exsh = Hexp< > Hep< pk)zse_l.
k odd
-1

k even
We have that exsh™! = se~! and we wish to obtain the more general equality exs(t)h(t)~! =

s(t)e(t)~!. In general if u, v and w are symmetric functions with u * v = w, then u*v(t) =
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w(t) where v(t) and w(t) denote the replacement p, — t*p; in v and w respectively. This
can be easily shown by writing u = >, axpy, v = Zu bupu- In the particular case u = e,

v = sh™1 we obtain

as desired. &

5.2 Scalar product

Concerning the closure properties of the scalar product, Gessel proved the following result:
Theorem 5.3 (Scalar Product, Gessel[7]). If f and g are symmetric functions such that:
1. f and g are D-finite with respect to the p;’s and another variable t.
2. g involves only a finite number of p;’s.
3. (f,g) is well-defined as a formal power series in t.

Then
(f,9) is D-finite with respect to t.

Proof. Using Theorem 5.1, we know that f g = u(t,p1,p2,...) is D-finite. Also notice that
this Kronecker product involves only a finite number of p;’s since g does. Write f x g =

u(t,p1,p2,...,pm) for some m € N. Setting p; = 1 for all i:

fxgl,—y=ult1,1,....,1) = (f.9)
By using part 2 of Theorem 4.2, we get the desired result. s

Remark 5.1. It is worth pointing out that in general by setting p; = 1 for a finite number

of values of i, D-finiteness is preserved. This is a clear consequence of Theorem 4.2.

Notice that the conditions of Theorem 5.3 are sufficient but they are not all necessary.
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Indeed,

(h,h(t)) = hxh(t)],
= h(t)]

pi=1

- (Z p;)

n

e (z t)
-l

1—t’

pi=1

which is a rational function of ¢ and so it is D-finite. However, neither of the symmetric
functions in the scalar product involves a finite number of variables, that is, the second
condition of Theorem 5.3 is not satisfied. This suggests the idea that these conditions may
be relaxed.

It is not always true that the scalar product of two symmetric series that are D-
finite in the p;’s and t is a D-finite power series. For example, let d(n) be any non-P-

recursive sequence. Notice that Zd(n)pn and > % are D-finite, but Y d(n)t" =

n
(>, d(n)pn, >, B=t™) is not D-finite.
Now we present a consequence of Theorem 5.5 given by Gessel, that can be applied to

enumerative problems. We use this result in Sections 5.3 and 5.4.

Corollary 5.4 (Gessel). Let f be a D-finite symmetric function and let B be a finite set of
positive integers. Define integers b, as follows: by, is the sum over all tuples (A1,...,\,) €

B"™ of the coefficient of :1/:?‘1 ooz oin f. Then B(t) = > >0 bnt™ is D-finite.

n
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Proof. By definition we have that b, = >y zn(f, hr). Therefore,

D bat" = Z<f, > hA>t"

n>0 n>0 AeB™

- (X ¥ mr)

n>0 AeB™

“rx(E))
oz )

And the result follows from Theorem 5.3. &

5.2.1 Extension of closure properties for D-finite scalar products

In Theorem 5.3 the finiteness condition over the number of p;’s involved in ¢ is too restrictive.
There are many examples of D-finite scalar products not satisfying this condition. The
following theorem involves some pairs of symmetric functions that do not satisfy the second

condition of Theorem 5.3 but their scalar product is still D-finite.
Theorem 5.5. The identities from Table 5.2 are satisfied.

Proof. For the first two lines of this table, it suffices to make the replacement p; = 1 in the
first two lines of Theorem 5.2. For the last three lines we do not make this substitution, as
the sums become too complicated. Instead we use the orthogonality of the Schur functions.

For instance,
(o.5(t)) = <23A,zsw>
A I

— Z<3A>5u>tw
A

— E:ékﬂﬂﬂ
A

- 11 1

B 1 -tk
k

Similarly for the other products. s
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<,> | h(t) e(t) s(t) s(t)h(t)~t s(t)e(t)!
1 1 1
h | — 1+t — 1
1—t + 1—t 1—1¢2
1 1 1 )
© 1—¢ 1—¢ 1—¢2
1 1 1
§ H (1 _ tk) H (1 _ t2k) H (1 _ tZk)
k>0 E>0 E>0
1 1
h—l
8 H (1 _ tQk) H (1 _ t4k)
k>0 k>0
1
—1
se H (1= %)
E>0

Table 5.2: A family of scalar product identities.

Remark 5.2. Notice that the scalar products in the first two lines are all D-finite. However,

the remaining ones are not, following Theorem 4.3 on the generating function of partitions.

The first two lines of Table 5.2 may suggest that in fact we can extend Gessel’s result
by relaxing the conditions for a scalar product to be D-finite and the last three suggest care

is needed. As a first step towards this goal, we prove in the next chapter:

Theorem 6.8. Let f,g be polynomials in the p;’s and possibly another variable t. Then
(hf,h(t)g) is D-finite as a function of ¢.

5.3 Applications to tableaux enumeration
Recall from Section 3.5.3 the scalar product
V()= yat" = <Z Y h’f> ,
n A n
where y, represents the number of SYT of size n. Since

ZS)\ = h[61 + 62]
A
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is D-finite as shown in Section 4.4, and by Corollary 5.4 we have that Y (¢) is D-finite.
Similarly, if for some family F of partitions it is true that
D5
AEF
is D-finite, then as a consequence of Corollary 5.4, the ordinary generating function of the
number of SSYT of shape A € F and type of the form (j) (j fixed) is D-finite. More
generally, for any fixed partition pu, if
Z SX
AEF
is D-finite, then the ordinary generating function for the number of SSYT of shape \/u for
A € F and type of the form (j") is also D-finite. When F is the family of all partitions, we

have:
ZS/\/H = h[el + 62] Zsu/)\
A A

which is D-finite, since hle; + e2] is D-finite and the second sum over A is a finite sum of
Schur functions (A is bounded by p) so it is a polynomial in the p;’s. A more restrictive

family F is reviewed in the following example:

Example 5.2. Let r be a fixed integer, for F = {\ : X has at most r rows}(known as the
partitions of bounded height) and a fixed partition u, Gessel proved that the symmetric

series

B, (u) = Z S\/p

AEF
is D-finite. In 1968, Gordon and Houten [9] and Bender and Knuth [3] had given a formula

for this series, and two years later Gordon [8] published a simplification of this formula.
Gessel connected this results with his results for the case p = (0). However, we do not

present these formulas here, as they are beyond the scope of our current research.

On the other hand, recall from Chapter 4 that the series > s(nk7/\)/utnk+|/\‘*‘“‘ is D-
finite and so 3, 8¢,k z)/,, is D-finite as well, since it results from setting ¢ = 1 in the first
sum. Being consistent with the notation above, this sum corresponds to the family F of
partitions of the form (n*, \). Notice that only a finite number of Schur functions in that
sum are indexed by compositions that are not partitions, and that adding or subtracting
any finite sum of Schur functions has no effect over the D-finiteness of a symmetric function.

As a consequence of Corollary 5.4, the following result arises,



CHAPTER 5. D-FINITENESS: SCALAR AND KRONECKER PRODUCTS 44

Corollary 5.6. The number of SSYT of type (5") and shape (mF,\)/p is a P-recursive
function of n, for A, p, j and k fized.

In particular the number of SYT of shape (m¥, \)/u is a P-recursive function of m. We

are interested in finding a closed formula for the ordinary generating function

<Z Smk)\, Z h?tn>

of the SSYT mentioned in Corollary 5.6. We can obtain a general formula for the recurrence
satisfied by its coefficients in the case j = 1, as a direct consequence of the hook formula,
in the same manner we did for the case k =1, j = 1 in Section 4.1.

We believe that it is not always the case that any sum of s)’s (for a particular family of

partitions ) is D-finite. Consider the following problems.

Problem 5.1. Are the symmetric series Y, Spn—1,n—2,..,1 and y . s, D-finite with respect

to the p;’s?

Problem 5.2. What are some sufficient conditions for the sum of all Schur functions
indezed by the skew partitions in a given family F to be D-finite? Notice that this can be
applied to tableaur enumeration (as in Section 5.8) by showing the P-recursiveness with

respect to n of the number of SSYT of type 7 and shape in F, for any fized j.

5.4 Other applications

In 1986, Goulden and Jackson [10] introduced a solution to the problem of counting a
particular class of graphs using Grobener bases. Four years later, Gessel solved the same

problem in a simpler way by using symmetric functions. We present here a biref summary

of his work.
Consider the combinatorial structure of labeled graphs with vertices 1,2,...,n. Define
the weight of one such graph as the monomial on x1,xs,...,x, where the exponent of x;

is the degree of the vertex i in the graph. Hence if we consider the infinite formal sum of

An

all these weights for a given set of graphs, the coefficient of the monomial :Ui\lzng"" Sz

represents the number of graphs in that set where the degree of the vertex i is \;.
Recall the D-finite plethysms considered in Sections 3.5.1 and 4.4. Each of these sym-
metric functions represents the generating function (sum of all the weights) of a different

class of graphs, as presented in Table 5.3.
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Class of labeled graphs. Formula for the generating function.

Graphs with multiple edges and loops

(a loop contributes 2 to the degree of its vertex). hlhs] = H(l — wixi) Tt
1<j
Graphs with multiple edges but no loops. hlea] = H(l — zzy) L
1<j
Graphs with loops but no multiple edges. elha] = H(l + zx5).
i<y

Graphs with no multiple edges and no loops
(simple labeled graphs). eles] = H(l + x;x5).
i<j

Table 5.3: Classes of labelled graphs.

The following is a direct consequence of Corollary 5.4,

Corollary 5.7 (Gessel [7]). The number of graphs in any of the classes above, on an n-

element set, such that all the degrees are in a given finite set B, is P-recursive.

Notice that the case B = {j} in Corollary 5.7 allows us to show that the number of j-
regular graphs on n vertices, which is the coefficient of (z122 - - - 2,,)? in each of the symmetric
functions above, is P-recursive in n.

Since any symmetric function can be written as a linear combination of the monomial
basis, the scalar product may be used to get coefficients of a particular monomial in a given
symmetric function as well. Gessel [7] worked on some enumerative results such as counting
alternating permutations and increasing support sequences, all of which involved coefficient
extraction using the scalar product.

In some cases it is not easy to find a formula for the number of combinatorial structures
of certain type and size. However, if we can find a closed form for its generating function,
we have all the information about its coefficients as well. In his paper, Gessel [7] pro-

vided a simple way using symmetric functions to obtain the generating functions of certain
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combinatorial structures, such as partitions of multisets and nonnegative integer matrices.



Chapter 6
Reduced Kronecker product

In 1938, Murnaghan [17] introduced the concept of reduced notation for Schur functions.
In 1991 Thibon [24] introduced a more general approach to reduced notation of symmetric
functions using the theory of Hopf algebras. Thibon’s work has found several applications
to areas such as quantum electronics and molecular science. One of our most important
contributions consists establishing a connection between Thibon’s work and the notion of
D-finiteness. In this chapter, we summarize Murnaghan’s and Thibon’s results and connect

them with the theory of D-finite symmetric functions.

6.1 Reduced Kronecker coefficients

The coefficients CIA/;L that arise when the product sy * s, is expressed in terms of Schur
function, are known as Kronecker coefficients. No one has been able to find a general
combinatorial or algebraic formula for these coefficients. Murnaghan showed the stability
of the coeflicients appearing in the Kronecker products between certain families of Schur
functions, and he called these coefficients the reduced Kronecker coefficients (a\#) These
coefficients were studied by Briand, Orellana and Rosas [4] as a way to gain information
about the Kronecker coefficients. Define A[n] = (n — |\, A1, A2, ...) (for a partition \ =
(A1, A2,...)), which is a partition only if n > |A| + A;.

Theorem 6.1 (Murnaghan [18]). There is a family of non-negative integers (6:(#), indezed
by triplets of partitions (X, u,7y) such that only a finite number of terms 61# are nonzero

for A, p fized, and for all n > 0 sufficiently large:

47
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_
83[n) * Sufn] = D Causafn)-
Y

Moreover, the coefficient @Au is monzero only when all the inequalities: |\ < |u| + ||,

il < N+ Iy and ] < X+ ] are satisfied.

In the case where A[n] is not a partition, the Schur function sy, can always be written in
terms of Schur functions indexed by partitions using the Jacobi-Trudi identity. The objects

Se\ = S| are often called reduced Schur functions.

Example 6.1. Consider the partitions A = (2) and p = (1,1). Using the package [23] in
Maple, we get the following (for simplicity, we omit the brackets from the partitions indexing

Schur functions):

Forn=5: 532 % 5311 = S41+ 832+ 28311+ 8221+ 521,1,1
n==6: 842 % 84,11 = S5,1 + S42 + 25411 + 833 + 28321 +831,1,1 + 522,11
n="7: 852 % 8511 = S6,1 + S52 +2551,1 + 84,3 + 28421 + S4,1,1,1 + 83,31 + 832,11
n=38: 86,2 * 86,1,1 = S7,1 1+ S6,2 + 256,1,1 + 853 + 28521 + S51,1,1 + 84,31 + S4,2,1.1
n=9: S72% 87,11 = 881+ S72 + 258711 + 86,3 + 286,21 + S6,1,1,1 + 8531 + S5,2,1,1

We can see that for n > 7, the reduced Kronecker coefficients stabilize. We have, for

example, 68’(1’1) =1 and égf()l,l) = 2. We can deduce that:

n>T7 Se2 * Se1,1 = Se,1 T Se2 + 2S¢ 11+ Se 3+ 25¢21 + Se,1,1,1 + Se,3,1 T Se,2,1,1-

1<yt

1,1

1ty dy

There exists a general formula for the number n at which the Kronecker product s,  *
Se = Sx[n] * Su[n Stabilizes and it was given by Briand, Orellana and Rosas in [4]. For a

fixed positive integer n, consider the linear operator given by 5, = s,

Example 6.2. If n = 10, then s4+ S421 = S5 + S2.4,3,1, where (6,5) is a partition, but
(2,4,3,1) is not. By applying the Jacobi-Trudi identity we obtain that sy 421 = —s3331.

Thus s4 + 5421 = 56,5 — 53,3,3,1-

Littlewood found the following general formula for the Kronecker product of two reduced

Schur functions.



CHAPTER 6. REDUCED KRONECKER PRODUCT 49

Theorem 6.2 (Littlewood[13]). For two fized partitions X, p with |A| = |u| and a fived

nonnegative integer n > 0:

S * Suln] = D SxjarySu/ oy (Sa % 58)-
B,y

where ary = (a1 + 71,02 + 72, . ..), the sum is over all partitions o, B8 and v with |a| = |5,

and $g = sg[n) for any partition 6.

Example 6.3. Let us illustrate Theorem 6.2 for A = 3, i = 2. Considering all the possible

partitions «, (3, v we obtain:

Fora=p=v=0 5382
Fora=p=0andy=1 S251(80 * So) = $251.
Fora=p=0and v=2 s150(80 * Sp) = 1
Fora=g=1and~y=0 S951(81 * $1) = S$25151.
Fora=pg=1andvy=1 5180(81 * $1) = $151.

For a = 8 = 2, where necessarily v = 0, | s150(s2 * s2) = s1592.

Thus, adding up all these terms,

S3n] * S2[n] = 8352 + 5182 + 81 + 515152 + 5151 + 5152,

expanding the products,

S3[n] * So[n] = S5+ Sa1+ 832+ 81+ S84+ 2831+ S22+ S21,1 + S2 + S1,1 + 253 + 2521
Hence for n=6, by linearity of the over line operator,

S3l6] * S26] = S1,5 T S1,4,1 T 51,32+ 851+ 524+ 25031+ 8929+ 52211+ 542+ 5411

+2s33 + 28321,
Now using the Jacobi-Trudi identity,

S3[6] * S2[6) = —S4,2 — 83,21 — 52,22 1+ 851 — 533+ 5222+ 52211 + 542 + 5411
+2s33 4+ 25321

= 851+ 841,11 83,3+ 83,21+ 822,11

1454
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Partition A Reduced Kronecker coefficients
— T
A= (m) Czjl:§(l—k+m+2)fork:>m.
1
§(l+k—m+2) for m > k.

A=(m,1) Ezyl:l—k+m+1fork>m.
l+k—m form>k.

.
A= (m,12) Czjlzi(l—k+m+1) for k> m + 1.

1

§(l+k—m+2) form >k —1.
A= (m,l) Algorithm.

A= (m,l,n) Algorithm.

Table 6.1: Coefficients for two-row shape Schur functions

Some work has been done to characterize the coefficients that appear in the Kronecker

product of reduced Schur functions indexed by two-row partitions. In particular:

Corollary 6.3 (Two-row shape partitions, Scharf, Thibon and Wybourne [20]). For k > 1
fized:
L p
ki) * ) = D Ok, 1) = D 9 ShepSipSpa-
A p=0 q=0

Scharf, Thibon and Wybourne gave explicit formulas and algorithms to calculate the
coefficients that appear in this case by noticing that A can have at most three rows, which re-
sults from the Littlewood-Richardson multiplication rule of Schur functions. We summarize
their results in Table 6.1.

Other authors such as Rosas and Remmel have extended these results from combinatorial
and algebraic points of view. However, there is no existing work relating them to the notion

of D-finiteness.

Problem 6.1. Can we explain the Kronecker product of two-row shape Schur functions
(see Scharf, Thibon and Wybourne [20]) using D-finiteness, more specifically by using the
algorithms by Mishna [15] and Chyzak, Mishna and Salvy [5]%

6.2 Adjoint multiplication

The adjoint operator to multiplication with respect to the scalar product has a very nice

characterization, and is important in the study of reduced Kronecker products. Recall that
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A denotes the space of all symmetric functions and consider f € A. Define the adjoint

multiplication of f as the homomorphism Dy : A — A, such that for all g1, g2 € A:

(Dyrg1, g2) = (91, fg2)-

It is not immediately obvious that this defines the operator Dy uniquely. For this notice
that the coefficient of m, in Dypy is given by (Dspx, hu) = (px, fhy), so the expansion of
Dy¢py in terms of the monomial basis can be obtained entirely from the property above.

It is possible to find an explicit formula for the adjoint multiplication of each of the well
known bases of the space A (see Macdonald [14]). Particularly, we are interested in the
adjoint multiplication of sy, which is given by D, s, = s,/\ and the adjoint multiplication
of the power symmetric functions p,, which is D,, (f) = n%. We show this last equality,
for which it suffices to prove it for f = p). Consider two partitions A and p, such that

pw=1m12"...n" ... By definition we have,

0if X # (171272 pmtl ),

Dy, px,pu) = (DA, PnDp) =
< D M> < “> 2\ if)\:<17"127"2...nrn+1...),

Hence, D, p) = z,\% if A= (171272 ...n™Fl. ) Since 2y = 1771272090 - -0/ Tl (r, +
i

1)+ we have that 2 = n(r, + 1). Therefore,

Zp

Opx
Dy.px =n(rp, + 1)p, = ngpk

n

as wanted.

In general, for any f € A, the adjoint multiplication of f amounts to a substitution:

Di=fl _,o.
= Flpmig

This results from the equalities Dy, = DyDy and Dy, = Dy + Dg, which are direct

results of the definition of the adjoint multiplication.

Example 6.4. To clarify this definition and the properties above, consider the following

examples:
1 1 1 1 1 1 1
e Dy, (e5) = Dy, <5p5 — PPs = pap + gpspf + gplpg - ﬁpzpi’ + +120p?)
_Ll 1,
= 3293 2p1p2 6p1~

® Dy, (s432) = 84,3,2/3,1-
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e The symmetric function e = ) e, is equal to exp (Z k>1(—1)k_1%’“>, from which we

obtain
Do =exp [ (-1
= Opy
e Similarly for h =3 h, = exp (Zk21 %):
0
Dy, =ex .

k>1

6.3 Applying the adjoint multiplication

As we mentioned before, we are interested in weakening Gessel’s conditions for the scalar
product of two symmetric function to be D-finite. In order to obtain a fairly general example
of a D-finite Kronecker product for which these conditions are not all satisfied, we need to

recall one of the main results published by Thibon in 1991.

Theorem 6.4 (Main theorem, Thibon [24]). Let {uy}, {va} be adjoint bases' of A and
frge A, andlet h="> hy. Then,

hf xhg = h®,
where ® =3, (Dy, f)(Du,g)(ux *uy,) and the sum is taken over all partitions A, p.

The proof of this theorem can be found in [24]. It uses some properties of the bialgebra
structure provided by the Kronecker product of symmetric functions. Following the same

steps from this proof, the following more general result can be shown:

Theorem 6.5. Let {uy}, {va} be adjoint bases of A and f, g formal power series in the p;’s

and possibly another variable t. Then,
hf=h(t)g = h(t)®(t),

where ®(t) = > ) ,(Duy [)(Du,g)(ux * uy) and h(t) =3, hyt".

! Recall that two bases {ux} and {v\} are said to be adjoint if (ux,v,) = 6x, for all partitions \ and p.
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Example 6.5. Set f = g = p, vy = px and u) = 2 in Theorem 6.5,

ZX

hf o« h(t)g = hpe < h(Bpe = h(6) S Dy (1) Dy () (W)

W Z,\Z“
2\
= h(t) Z Dy, (pk) Dy, (pk)g
A

= () (Do) (94) D (21)P(0) + D (1) Dy (p1) 55 )
= h(t)(P} + kpk)-

Denote by A* the algebra of symmetric power series. The map (()) : A — A* given by
((sx)) = 2_, 8a[n), 1s called the reduced notation for s, which can be extended by linearity,
since the Schur functions form a basis of A. We have the following characterization for the

reduced notation of symmetric functions:

Proposition 6.1 (Thibon[24]). For any f € A:

((f)) = hDe(f),
where De =) (=1)"De,,.

Proof. 1t suffices to prove this for f = s). Using the same idea from Lemma 4.2:

()= sam =h D> (1) sy
n k

Since sy /1x = Ds , sx and ej, = s1x:

And the result follows by linearity. &
A reduced notation version of Theorem 6.2 is as follows:
Theorem 6.6 (Littlewood[13]). For two fized partitions A, p:

({sa))  ({s)) = << D SxfanSu/sySa * 55>> :

a,B,y
where ary is defined as before (Theorem 6.2).
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Corollary 6.7 (Thibon [24]). For any f, g € A we have

SR <<Z<Dmf><Dmg>“[’;j”>> .

A

The proof of this Corollary follows from using Proposition 6.1 and setting uy = % and

vy = py in Theorem 6.4.

6.4 Relation to D-finiteness

In this section we state our main results relating the previous notions with the theory of

D-finite power series.

Theorem 6.8. Let f,g be polynomials in the p;’s and possibly another variable t. Then
(hf,h(t)g) is D-finite as a function of t.

Proof. Set p; = 1 for all ¢ in Theorem 6.5, which gives:

(hf, h{t)g) = 1 (B(1)), 1 = T—0(0),

where 1/(1 — t) is D-finite and ¢(t) is a polynomial in ¢, because f and g are polynomials.

The result follows from the basic properties of D-finiteness. &

We now present an additional proof to the previous theorem using a property of the

adjoint multiplication of h.
Additional proof. From the definition of adjoint multiplication,
(hf, h(t)g) = (f, Dnh(t)g).

Notice now that f is a polynomial and so it is D-finite in the p;’s and ¢, and it involves

a finite number of p;’s. Then it remains for us to show that Djh(t)g is D-finite. Indeed:
Dph(t)g = > t"Du(hng),
n
= Zt”(hng)[x +1], since Dp(g) = g[x + 1], see [24]
n

= > t"ha[x +1g[x +1],

n
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where g[x + 1] is a D-finite polynomial and

k
zn:t"hn[x +1] = exp (2}; W),
k
= exp (Zk: tk];:> exp (Z 2),

k

= h(t) , which is D-finite.

1-t¢
By Theorem 5.3 we have that (hf, h(t)g) is D-finite as wanted. L

Notice that this proof holds also if f and ¢ involve a finite number of p;’s but are not
necessarily polynomials. In this case g[x + 1] results from replacing p; — p; + 1 in g for a
finite number of p;’s, which preserves D-finiteness by Theorem 4.2. In a similar way using

that D.(f) = f[x — 1], we have the following result:

Proposition 6.2. Let f, g be D-finite in the p;’s and another variable t, such that they both
involve a finite number of p;’s, and define e, h, e(t) h(t), s(t), s(t)e(t)™! and s(t)h(t)~! as
in Theorem 5.2. Then the scalar products (ef,G) and (hf,G) with

G € {e(t)g, h(t)g, s(t)g, s(t)e(t)"'g, s(t)h(t) " g}
are all D-finite as functions of t.

Both Theorem 6.8 and Proposition 6.2 provide large families of examples of D-finite
scalar products for which Gessel’s conditions are not satisfied. However we would like to

answer more general questions in future research:

Problem 6.2. Let F, G, f and g be series in the p;’s and another variable t such that f
and g involve a finite number of p;’s, and (F,G) is D-finite in t. Then is (F'f,Gg) D-finite
in t as well? Which hypotheses can be added so that this statement is true?

Problem 6.3. Can we characterize precisely the pairs of formal power series f(t,p1,p2,...),
g(t,p1,p2, . ..) whose scalar product is D-finite? In other words, can we weaken the conditions

on Theorem 5.3 such that they are sufficient and necessary?

Proposition 6.3. If f and g are two D-finite symmetric functions then hf x hg = h® is
D-finite. Moreover, ® is D-finite.
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Proof. Use the closure properties of D-finiteness. Since h is D-finite, we have that hf and hg
are D-finite as well. By Theorem 5.1, h® is D-finite. On the other hand, h = exp ( i %’“)
and h™! = exp (— Y, Bt), which is also D-finite, and so

P =exp (— Z ];k) hf % hg is D-finite.
k

&

The symmetric function ® is known as the Smash product of f and g. See the work by
Marcelo Aguiar [1] for more on this operation.

Some of the original results from this section need Theorem 6.4 for their proof. However
they do not require the whole statement, as the case uy = py/zx, vx = p is sufficient for all
of them. In order to avoid dependance on the theory of Hopf algebras, and to illustrate the
deep relationship between the theory developed by Thibon, and that of D-finite symmetric
functions, we provide below and much simpler original proof of this particular case, making

use of Maple and the algorithms [5].

Theorem 6.9. The following relation is always satisfied:

(hpa) * (hp) = b Y Dy (pA) D, (pnij. (6.1)

Generally for any two symmetric functions f and g we have:

(hf) * (hg) =h>_ Dy (f)Dy, (9)22. (6.2)

Ry

Proof. Equation 6.2 is a result of Equation 6.1 so we only need to prove equation 6.1. Take

71,72 S1,,52

Px = py'py° - --ppr and p, = pi'py® - - - pye. The left hand side can be simplified as follows

i p;
(hpy) * (hpy) = |exp 71 PYpR - epi | |exp | Y= | ptps - pi
i>1 j>1 J

Then,

o= im) = (TTow(5)or |« TTow (%)
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Using Maple, we get that each term of the form L = exp (%) piF * exp (%) py satisfies the

differential equation:

5 0%L OL
(krisk — pr)L + kpi— o + (kpr, — pi — kripr — kskpr) <6pk> = 0. (6.3)

Then it remains to show that the right hand side of 6.1 satisfies these equations as well.

After differentiating, this right hand side can be written as:

Zt'rl Sltz ritsi—t;
o) G

t <r;
tz‘SSi

where (7;):, represents the descending factorial. We proved that for each k, the expression
above satisfies Equation 6.3, for which we simply expand the result in terms of the power
sum basis and verify that all the coefficients are 0. We omit the mechanical calculation
here. &

Problem 6.4. Can we prove the statement of Theorem 6.9 by using these algorithms, or

an extended form involving D-finiteness with respect to the general adjoint bases {uy} and

{oa}?
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Conclusion

7.1 Summary
The following is a summary of the original results obtained in the previous chapters.

D-finite sums of Schur functions and Tableaux (Corollary 5.6) The symmetric se-
ries D, S(mk z)/u 18 D-finite. Hence, the number of SSYT of type (j") and shape
(mF, \)/p is a P-recursive function of n, for A, j and k fixed. Particularly, the number

of SYT of shape (m*,\)/u is a P-recursive function of m.

Some scalar product identities (Table 5.2) Mishna [16] provided a family of Kronecker
products identities by using the theory of D-finite symmetric functions. From this ta-
ble we were able to produce a family of scalar products identities (Table 5.2). The
pairs of symmetric functions corresponding to the first two lines of this table have D-
finite scalar products, yet they do not satisfy the second of Gessel’s conditions, which

suggests that such condition may be extended (see Problem 6.3).

D-finite scalar products (Theorem 6.8 and Proposition 6.2) Let f,g be power se-
ries in the p;’s and another variable ¢, involving only a finite number of p;’s. Then
(hf,h(t)g) is D-finite as a function of t. Moreover, the scalar products (hf,G) and
(ef, G are D-finite for G = h(t)g,e(t)g, s(t)g, s(t)e(t)"'g, s(t)h(t)~'g. This result pro-
vides an extension of Gessel’s Theorem 5.3 by weakening the conditions for a scalar
product to be D-finite. We present a more general result which would imply the

D-finiteness of these products (see Problem 6.2).

o8
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D-finiteness of Smash product (Proposition 6.3) If f and g are two D-finite symmet-
ric functions then hf x hg = h¢ is D-finite. Moreover, ¢ is D-finite.

New proof of a particular case of Theorem 6.9 For A and y fixed, the following rela-

tion is satisfied:

(hpa) * (hp) = By Dy, (px) Dy, <pu>§3.

Generally for any two symmetric functions f and g we have:

b
(hf) * (hg) = h D Dy, () Dy, (9) -
¥
gl
Our proof of this result uses only the theory developed by Mishna [15] and Chyzak,
Mishna and Salvy [5]. In fact it depends almost entirely on their algorithms imple-
mented in Maple. This is our most important result relating the theory of D-finite
symmetric functions with Thibon’s work and it may suggest an even deeper relation

between these areas (see Problem 6.4).

7.2 Open problems

The following are some of the open problems that we propose as a possible extension of our
current work.

It seems to us, as suggested by our proof of Theorem 6.9, that many of the results
obtained by Thibon [24] and Scharf, Thibon and Wybourne [20] can be explained using the
theory of D-finite symmetric series. This opens up a door to a new theory on the connections

between D-finiteness and these other areas of research.

Problem 1. Can we explain the Kronecker product of two-row shape Schur functions (see
Scharf, Thibon and Wybourne [20]) using D-finiteness, more specifically by using the
algorithms by Mishna [15] and Chyzak, Mishna and Salvy [5]?

Problem 2. Can we prove the statement of Theorem 6.9 by using these algorithms, or an

extended form involving D-finiteness with respect to the general adjoint bases {u)}
and {vy}?

Concerning an extension of Theorem 5.3, we present the following open problems:
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Problem 3. Let F, G, f and g be series in the p;’s and another variable ¢ such that f and
g involve only a finite number of p;’s and (F, G) is D-finite in ¢. Then is (F'f,Gg) is
D-finite in ¢ as well? Which hypotheses can be added so that this statement is true?

Problem 4. Can we characterize precisely the pairs of formal power series f(¢,p1,p2,...),
g(t,p1,p2,...) whose scalar product is D-finite? In other words can be weaken the

conditions on Theorem 5.3 such that they are sufficient and necessary?

Regarding the D-finiteness of sums of Schur functions, we ask the following questions:

Problem 5. Are the symmetric series Zn Snn—1,n-2,..,1 and Zn spn D-finite with respect

the p;’s?

Problem 6. What are some sufficient conditions for the sum of all Schur functions indexed
by the skew partitions in a given family F to be D-finite? Notice that this applies
directly to tableaux enumeration (as in Section 5.3) by showing the P-recursiveness

with respect to n of the number of SSYT of type j” and shape in F, for any fixed j.
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